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ABSTRACT: Continuing the study of Roman dominating function, Ahangar et al. (2014) introduced and studied the signed
Roman dominating function. A generalization of the signed Roman dominating function is the Roman k-dominating function
which was presented and studied by Henning and Volkmann (2015). We present in this study an offshoot of the signed Roman
k-dominating function, called the signed gqRoman k-dominating function.

Let k be a positive integer. A signed gRoman k-dominating function on G is the function f:V — —1,1,2 with the following two
properties: (1) f[u]q = Z\- EN(H))"(V) >k for all w € V; and (2) for every vertex v with f(v) = — 1, there exists a vertex w with

flw)=

2 such that vw € E. The weight of a signed gRoman k-dominating function is w(f) =

ZL,E Vf(v).The signed gRoman

k-dominating number of G, denoted by y’;R(G), is the minimum weight of a signed gRoman k-dominating function on G.

This study gave the signed gqRoman 2-domination number of: crisscross graphs and tensor product of graphs.
Keywords: Signed gRoman k-Dominating Function, Criss-cross Graphs, Tensor Product of Graphs.

INTRODUCTION

A signed Roman k-dominating function in a simple
graph G=(v,e) is a function f:v-{-1,1,2}
satisfying two properties. 1)
f[u]q=ZvEN(u)f(v)2k for all «u€v; and (2) for

every u €V with f(v) = —1, there exists y € V such
that vwweE and f(y)=2. The weight of a signed
qRoman k-dominating function is w(f) = Zuevf(v)'

The signed gRoman k-dominating number of G,
denoted by y’;R(G), is the minimum weight of a

signed qRoman k-dominating function on G. This
concept was introduced and studied by Henning
and Volkmann (2015). The special case ( the case
k=1) came out first and was presented and studied
by Ahangar et. Al. (2014). The case k=2 was also
studied by Adanza et. al. (2015).

This study is an off shoot of the signed Roman k-
dominating function called the signed qRoman k-
dominating number of crisscross graphs and tensor
product of graphs. A signed gRoman 2-dominating
function on G is a function f:v-{-1,1,2}
satisfying two properties. @
f[u]q— i~ )f(»)>k for all u€v; and (2) for

every vertex v with f(v) = -1, there exists a vertex
w with f(w)=2 such that vw€E. The subscript g
was added to differentiate the two functions.

The two definition differ in the first condition. The
signed Roman k-dominating function requires that
flul= ZvEN[qu(V) >k for all « €V while the signed

qRoman 2-dominating function only requires
flul = Z, o ) 2k

The Welght of a signed gRoman k-dominating
function is w(f) = Zvevf(")' The signed qRoman k-
dominating number of G, denoted by y’;R(G), is the
minimum weight of a signed gRoman k-
dominating function on G.

Let G=(V,E) be a graph and «€V. The open
neighborhood of u, denoted by N(u), consists of all
vertices y€V such that uw€E. The closed
neighborhood of u, denoted by N[u], is given by
N[ul=N(u)U {u}.

The path P =( VY ,) is the graph with distinct
vertices ViV and edges v LN
The cycle Cn [ SV

vertices v v ...v —and edges v v vy ..v _ v,
v, vy. If nis even, then Cn is called an even cycle;

!! V..
7’% -1l n

n]nz?, is the graph with

if nis odd then Loading.. is an odd cycle.

A complete graph of order n, denoted by K, is the
graph in which every pair of distinct vertices are
adjacent.

The composition G[H] of two graphs G and His
the graph with vertex set V(G[H]=V(G)x V(H)
and edge set E(G/H]) satisfying the following

condition: (”1’”2)(‘}1 vz)EE(G[H]) if and only if
either u Vv EE(G) or,u =u, and v v EE(H)

The composmon of P; [PZ] of graphs P; =
and P, [x, y] is shown in Figure 1.

[a, b,c]
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Let k be a positive integer. A signed gRoman k-
dominating function on G is a function
f:V-={-1,1,2} satisfying two properties. (1)

(b.‘l‘)

o

(a,r) (e,x)

V

(a,y) (0,y) (¢.y)
Figure 1: The graph P; [P]
f[u]q = ZVEN(H)f(v) >k forall € Vv; and (2) for

every vertex v with f(v) = —1, there exists a vertex
w with f(w) =2 such that vw € E. The weight of a
signed gRoman k-dominating function is

w(f) = Zvevf‘(v). The signed gRoman k-dominating
number of G, denoted by y’;R(G), is the minimum

weight of a signed gRoman k-dominating function
on G.

Let V={a,b,cdef} and E={ab,bc,cd,de.ef af }.
Then the function f:v-{-1,1,2} given by
a—1,br—l,c—1,d—1,e—1 and fr—1 is a
signed gRoman 2-domination number of G. Note
that f is @ minimum signed gRoman 2-domination
number. Hencey’;R(G)=6.
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Figure 2: Agraph G
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PRELIMINARY RESULTS

This section presents the results of our study.
Signed gRoman 2-domination Number of the
Composition of Paths, Cycles and Complete
Graphs.

In this section we gave some upper bounds for the
signed gRoman k-domination number of
composition of graphs.

Theorem 1 Let P and P be paths of order n and
m, respectively. Then
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Proof: Let P and P be paths of order n and m,
respectively. Define f:v(Pn[Pm]) - {-1,1,2} by
2,ifj=1,m
1,if jiseven,2<j<m—1
=1,ifjisodd,3<j<m—1
Then f is a signed gqRoman 2-dominating function.
{ An, if m is even

Thus,
VER(P”[P'”]) s Sn, if mis odd.Od

Theorem 2 Let P be path of order n and c be a
cycle of order m. Then

v

i y)=

4n, if m is even
yzR(P”[CmD : [ Sn, if mis odd.
Proof: Let P be a path of order n and o be a
cycle of order m. Define f:V(Pn[Cm]) - {-1,1,2} by
2,if j=1,m
1,if jiseven,2<j<m—1
-1,ifjisodd,3<j<m—1.
Then f is a signed gRoman 2-dominating function.
Thus,

M y)=

4n, if m is even
Yol Pl Cul) %
gR\ n| m Sn, if mis odd.O
Theorem 3 Let c and c be cycles of order n and

m, respectively. Then
4n, if mis even

7)21?(61"[61"”]) . [ Sn, if mis odd.

Proof: Let c and o be a cycle of order n and m,
respectively. Define f:v(cu[cm]) - {-1,1,2} by

2,if j=1,m

1,if jiseven,2£j<m—1
-1,ifjisodd, 3<j<m—1.
Then f is a signed gRoman 2-dominating function.
Thus,

fli )=

5 4n, if m is even
Yl L) = s i
gR\ n[ m Sn, if mis odd.O
Theorem 4 Let c be cycle of order n and Pmbe a

path of order m. Then
4n, if m is even

2
qu(C"[Pm:D < [ Sn,if mis odd.
Proof: Let C be a cycle of order n and P be a
path of order m. Define f:V(Cn_[PmD -{-1,1,2} by
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2,if j=1.m
Lif jiseven, 2<j<m—1

—1,ifjisodd,3<j<m-—1.

Then f is a signed gRoman 2-dominating function.

Thus,

i g)=

5 4n, if m is even

P

qu(C”[ m]) s [ Sn,if mis odd.O

Theorem 5 Let K be complete graph of order n
and P be a path of order m. Then

2n, if m is even
O E
gR\ n| m 3n,if mis odd.
Proof: Let K be a complete graph of order n, and

P be a path of order m. Define

f:V(Kn[PmD - {-1,1,2} by

2,if (i, ) =(1,1), (Lm),(n,1) (i)

1,if jisodd and 2<i<n—1;0r,i=1,n and j is odd
Fi )= with3<j<m=2if mis odd and 3<j<m—1if m is even
=1, ifjisevenand 2<i<n—1;0r,i=1,n and j is even

with 2<j<m=1if mis odd and 2<j<m—2if m is even

Then f is a signed gRoman 2-dominating function.
Thus,

2n, if m is even
Yol ol P ]) < 3n,
grR\ n| m 3n,if mis odd.O]

Theorem 6 Let K be complete graph of order n
and c be a cycle of order m. Then

2n, if mis even
2(k[c )<
?‘IR( ”[ m]) 3n,if mis odd.
Proof: Let K be a complete graph of order n, and

C beacycle of order m. Define

f:V(Kn[CmD - {-1,1,2} by

2,if (i, ) =(1,1), (Lm),(n,1),(r i)

1if jisodd and 2<i<n—1;0r,i=1,n and j is odd
Fi )= with3<j<m=2if mis odd and 3<j<m—1if m is even
-1, ifjisevenand 2<i<n—1;0r,i=1,n and j is even

with2<j<m=1if mis odd and 2<j<m—2if m is even

Then f is a signed gRoman 2-dominating function.
Thus,

5 2n, if m is even
qu(K"[C’”D s [ 3n, if mis odd.O]
Signed gRoman 2-domination Number of the
Union of Graphs.
In this section we get the signed qRoman k-
domination number of the union of graphs.
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Theorem 7 Let G and H be a graphs and x € N.
Then y’;R(G UH)= ;)I;R(G) +y’;R(H) if y’;R(G) and

y’;R(H) exists.

Proof: Let G =(V1’ El) and H =(v2, Ez) be graphs.
Suppose that y];R(G) and y];R(H) exists. Let f | and
£, be signed gRoman k-dominating functions with
W(fl) = yZR(G) and W(fz) = yZR(H). Define

£V, UV, ~>{-1,1,2} by

fl(u), if uc 'V'1

j'z(u), if u€v,.

Then clearly f is a signed gRoman k-dominating
function of (G UH). Since w(f) = W(fl) +w(f2), we

must have yZR(G UH)< yZR(G) + yZR(H). It can be
shown that yZR(G UH) cannot be less than
pk R(G) + y’;R(H). Hence,
— .,k k
v (GUH) =y (G)+y (H).O

fu) =

CONCLUSION

The results of signed gqRoman k-domination maybe
used in the design of communication networks.
Furthermore, the results of this study will give a
more complete understanding on the concept
signed Roman k-domination in graphs. Since some
interesting results are revealed in this study, |
recommended that the signed qRoman k-
domination number be investigated further such as
composition of arbitrary paths, cycles and complete
graphs.
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